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Thermodynamic properties of massive dilaton black holes
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We numerically reanalyze static and spherically symmetric black hole solutions in an Einstein-Maxwell-
dilaton system with a dilaton potential. We consider two types of potentials:md

2f2 andmd
2S2(S21)2eS21/4

whereSªe22f, which is proposed based on gluino condensation. We investigate thermodynamic properties in
both cases and find that the black hole becomes an extreme solution for a finite horizon radius when a dilaton
potential does not vanish. As a result, the Hawking temperature approaches zero in the extreme limit whereas
it approaches a finite nonzero value in this limit for the massless dilaton case. This implies that a small amount
of the dilaton mass changes the final fate of the black hole.
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I. INTRODUCTION

For a long time, the only known stationary and asympto
cally flat black hole solutions have been Kerr-Newman so
tions which are parametrized by three global charges
gravitational mass, angular momentum, and an electric~mag-
netic! charge. Motivated by this fact, the black hole no h
conjecture, which insists that a stationary and asymptotic
flat black hole will be decided by these three parameters,
proposed@1#. A black hole solution in the Einstein-Maxwell
dilaton system found by Gibbons and Maeda, and indep
dently by Garfinkle, Horowitz, and Strominger~GM-GHS!
was a candidate of a counterexample of the conjecture s
it has a global charge related to a dilaton field~a dilaton
charge! @2#. Though this black hole does not elude the co
jecture, because the dilaton charge is determined by o
global charges@3#, it has many interesting features. One
the most important is its thermodynamical properties. If
consider the evaporation process of the black hole, its fi
fate varies depending on the dilaton coupling. For the dila
couplingg,1, its Hawking temperature approaches zero
in the Reissner-Nordstro¨m ~RN! black hole in the zero hori-
zon limit, while it diverges for the dilaton couplingg.1 in
the same limit@5#. For the intermediate valueg51, it re-
mains a finite nonzero value in this limit. Thus, the therm
dynamical properties of the GM-GHS solution are quite d
tinct from those of the RN black hole. For this reaso
Hawking radiation of the GM-GHS solution was investigat
in Ref. @6#. It is worth mentioning that those of hairy blac
holes, which have the Yang-Mills field and the Higgs fie
also change qualitatively when the scalar hair such as
Brans-Dicke scalar field is added@7#.

However, since a dilaton field has been predicted to h
a TeV scale mass and the massless dilaton field is exclu
from the experimental aspects@8#, we need to investigate
black hole solutions with a massive dilaton field in a mo
realistic case. In this respect, there have been some pa
which argued for such black holes and found some inter
ing properties@9#. For example, these black holes may ha
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three horizons or have wormholes outside the event hori
in the string metric near the extreme solution for the ma
netically charged solution. But since including the mass te
makes it hard to obtain a solution in a closed analytical for
there remains some room for further investigation. In p
ticular, since thermodynamical properties of these bla
holes are not exhaustively investigated, we should cla
them. We are interested in how these features are change
adding a dilaton potential. As for the dilaton potential, sin
this is not decided from theoretical aspects, we conside
two models: one of the simplest modelsmd

2f2 and a model
based on gluino condensation which we will mention bel
@10#.

This paper is organized as follows. In Sec. II we descr
our model, basic equations, and boundary conditions.
briefly review the GM-GHS solution in Sec. III. We describ
our main results in Sec. IV. For simplicity, we consider t
electrically charged solution for the dilaton couplingg51.
We denote concluding remarks and future work in Sec.
Throughout this paper, we use the unitsc5\51.

II. BASIC EQUATIONS

We take the following type action:

S5E d4xA2gF R

2k2
2

~¹f!2

k2
2

e22gf

16pgc
2

F22
V~f!

k2 G ,

~1!

wherekªA8pG, f is a dilaton field, andV(f) is a dilaton
potential.gc andg are the coupling constant of the Maxwe
field and that of the dilaton field, respectively. The Einste
equations, the dilaton equation, and the Maxwell equat
are written as follows:

Gmn52¹mf¹nf1
k2

4pgc
2

e22gfFm
l Fnl

2gmnF ~¹f!22
k2

16pgc
2

e22gfFabFab2VG , ~2!
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hf1
gk2

16pgc
2

e22gfFmnFmn2
1

2

dV~f!

df
50, ~3!

¹mFmn22g~¹mf!Fmn50. ~4!

We consider the static and spherically symmetric metric

ds252 f ~r !e22d(r )dt21 f ~r !21dr21r 2dV2, ~5!

where f (r )ª122Gm(r )/r . We choose a gauge potenti
Am as

Am5„A~r !,0,0,Qm cosu…, ~6!

where Qm is a magnetic charge. An electric chargeQe is
defined asrA(r )→Qe asr→`. We do not consider a dyoni
black hole which has both an electric and a magnetic cha
below. So we can get basic equations as

Gm85
r 2

2
~ f f821B1V!, ~7!

d852rf82, ~8!

A85
Qe

r 2
e2de2gf, ~9!

f91
2f8

r
1

1

f Ff8H 2Gm

r 2
2r ~B1V!J

1
k2g

8pgc
2 S 2

Qe
2

r 4
e2gf1

Qm
2

r 4
e22gfD

2
1

2

dV

dfG50, ~10!

where 8ªd/dr and we use the abbreviation as

Bª
k2

8pgc
2 S Qe

2

r 4
e2gf1

Qm
2

r 4
e22gfD . ~11!

We consider two dilaton potentials. One is the simpl
model, V15md

2f2 where md is the dilaton mass and th
other is V25md

2S2(S21)2eS21/4 where Sªe22f, which
was proposed based on gluino condensation@10#. Though
there are a few free parameters in the original paper, we
a simplified model where a potential minimum is achiev
by f50 ~or f5`). In this case, the boundary conditions
spatial infinity to satisfy the asymptotic flatness are

m~`!5..M5const., d~`!50, f~`!50. ~12!

We also assume the existence of a regular event horizo
r 5r h . So we have

mh5
r h

2
, dh,`, fh,`, ~13!
08400
e
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fh85
r ~dVh /df22gBh!

2$12r h
2~Bh1Vh!%

. ~14!

The variables with subscripth mean that they are evaluate
at the horizon. We will obtain the black hole solution nume
cally by determiningfh iteratively to satisfy these condi
tions. For our numerical calculation, we use the Bulirsc
Stoer method based on Ref.@11#. This is the double precision
FORTRAN program. To estimate the error, we describe
detail below.

III. THE GM-GHS SOLUTION

First, we briefly explain the GM-GHS solution, i.e., th
massless dilaton black hole, to compare with the mass
dilaton black hole. To describe the exact solution, it is co
venient to use the following spherically symmetric ansatz

ds252l2dt21
1

l2
dr21R2dV2, ~15!

wherel andR are functions ofr only.
We consider the electrically charged case. Since this s

tem has an electric-magnetic dualityF→e22fF̃, f→2f,
we can easily obtain the results for the magnetically char
case. In the above ansatz, we obtain

e2f5S 12
r 2

r D 2g/(11g2)

, ~16!

l25S 12
r 1

r D S 12
r 2

r D (12g2)/(11g2)

, ~17!

R5r S 12
r 2

r D g2/(11g2)

, ~18!

where we chose the asymptotic value of the dilaton field
r 1 and r 2 are the event horizon and the inner horizon,
spectively. They are related to the gravitational massM and
chargeQe by

M5
r 1

2
1S 12g2

11g2D r 2

2
, ~19!

Qe5S r 1r 2

11g2D 1/2

. ~20!

The solution above has many interesting features, one
which is that the inner horizon is singular and this singular
is spacelike for any nonzero value ofg. The second feature
is its thermodynamical properties. The temperatureT is writ-
ten as

T5
1

4pr 1
S 12

r 2

r 1
D (12g2)/(11g2)

, ~21!
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FIG. 1. Shapes of the dilaton
potentials forV15md

2f2 and V2

5md
2S2(S21)2eS21/4 where S

5e22f with md5e/2Qe . V2 ap-
proachesV1 near the bottom of
the potentialf50.
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which means that it vanishes in the extreme limit forg,1,
whereas it has a finite value 1/(8pM ) for g51 and diverges
for g.1 in the same limit. Thus, these differences a
caused by the dilaton field and considering this for the m
sive dilaton black hole is one of our basic motivations.

IV. PROPERTIES OF MASSIVE DILATON BLACK HOLE

Here, we consider the two dilaton potentials describ
above and show the shapes of these potentials in Fig. 1
md5e/2Qe @below, we usee as exp(1)not as an electric
charge#. As we can see in this diagram, they have a comm
minimum point atf50 around whichV2 is approximated as
md

2f2. When V is an even function, since this system al
has an electric-magnetic duality, we can also obtain the
sults for the magnetically charged case from the electric
charged case@9#. But sinceV2 is not an even function, this
system does not have such a symmetry in this case.

We summarize the results in previous papers which do
depend on the dilaton potentialV wheneverV is convex@9#.
For the potentialV2, though this condition is not satisfied,f
is required to have its value around the convex part to sat
the asymptotic flatness. So the following results apply
both potentials.~i! The dilaton is monotonically increasin
~decreasing! outside the horizon for the electrically~magneti-
cally! charged solution.~ii ! For Qemd&1 ~or Qmmd&1 for
the magnetically charged case!, there can be only one hori
zon. Other properties such as the number of horizons
Qemd*1 or thermodynamical properties may depend on
shapes of the potential. Thus, we treat each case separ
For simplicity, we chooseg51, which is expected from
string theoretical aspects.

A. With V1Ämd
2f2

We show field distributions of the massive dilaton bla
hole @~a! r -f, ~b! r -d, ~c! r -m# with horizon radiusr h
08400
s-

d
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n
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51.1AG and the dilaton massmd5e/Qe , e/2Qe by solid
lines in Fig. 2.~Below, we normalize asAGQe /gc→Qe .)
For comparison, we also show those of the GM-GHS so
tion with the dilaton couplingg51 by dotted lines. In Fig.
2~a! we can see the intrinsic difference of the dilaton fie
with a mass term in comparison to the massless dilaton fi
For the GM-GHS solution, the dilaton field behaves ase2f

;112S/r in the asymptotic region, whereS is a dilaton
charge. It is expressed as

S52
Qe

2

2M
. ~22!

So it is known as a secondary charge since it is comple
determined by the gravitational mass and the electric cha
On the contrary, for the massive dilaton black hole, since
~10! can be approximated as

B5
1

2

dV

df
, ~23!

in the asymptotic region, the dilaton field behaves asf;
2Qe

2/md
2r 4 @9#. We also plotted the approximate solutionf

52Qe
2/md

2r 4 by dashed lines to show its consistency. W
can find that this approximation is considerably accurate
the distance more than several times the event horizon. F
this behavior we can naturally guess that the dilaton field
a scale comparable to its Compton wavelength;1/md .
Thus, the dilaton charge is lost because of the dilaton po
tial. Moreover, the solution is expected to approach the
solution since the influence of the dilaton field becomes n
ligible for large md . This behavior may influence othe
structures. Actually, a wormhole structure outside the ev
horizon in the string metric, which is absent for the GM
GHS solution, near the extreme black hole of the magn
cally charged case is reported in Ref.@9#. Here, we concen-
2-3
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FIG. 2. Field distributions of the massive d
laton black hole with the potentialV1 @~a! r -f ~b!
r -d, ~c! r -m# with horizon radiusr h51.1AG and
the dilaton massm5e/Qe , e/2Qe by solid lines.
For comparison, we also show the GM-GHS s
lution and the approximate solution by dotte
lines and dashed lines, respectively.
t
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trate on its dependence on gravitational mass. Basically,
gravitational mass outside the horizon is made up of th
factors:~i! the kinetic term of the dilatonf82, ~ii ! the elec-
tromagnetic termB and ~iii ! the dilaton potentialV. To in-
vestigate it, it is appropriate to see the lapse functiond which
08400
he
e
consists of the kinetic term of the dilaton field. As we can s
in Fig. 2~b!, the massless dilaton field has the largest con
bution to this term. On the other hand, the gravitational m
takes the greatest value for the most massive dilaton cas
we can see in Fig. 2~c!. Since the difference of the electro
2-4
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FIG. 3. The relation between the horizon r
dius r h and the gravitational massM of the black
holes. We choose the mass of the dilaton asm
5e/10Qe , e/2Qe , ande/Qe and show the mas-
sive dilaton black holes, the GM-GHS solution
and the RN solution by solid lines, by a dotte
line, and by a dashed line, respectively.
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magnetic termB caused by the mass of the dilaton is fair
small, we can naturally conclude that the contribution fro
the potential term for the gravitational mass is most cruc
among the three terms.

Next, we turn our attention to sequences of solutio
when we consider solutions of various horizon radii. Sin
the dilaton field has a scale comparable to its Comp
wavelength, we can expect a qualitative difference depe
ing on the scale of the horizon radius. We consider the c
dition for the existence of a degenerate horizon along
similar line in Ref.@9#. If the horizon becomes degenerate
r h5r d , the following condition should be satisfied from
Eqs.~7! and ~10!:

15
Qe

2e2fd

r d
2

1md
2fd

2r d
2 , ~24!

05
Qe

2e2fd

r d
2

1md
2fdr d

2 . ~25!

Note that the finiteness offd and fd8 at r h5r d are also
assumed implicitly. From them, we obtain

1

fd~fd21!md
2
5r d

2 , ~26!

2
e22fd

fd~fd21!2
5Qe

2md
2 . ~27!

As we mentioned above, since the dilaton is monotonica
increasing outside the horizon for the electrically charg
case,fd is restricted asfd,0. In this case, the left-han
side of Eq.~27! reaches its minimum valuee2/4 at fd5
21. Thus, the solution forQe

2md
2,e2/4 does not have an

extreme limit,if fd andfd8 have finite values.In determining
whether this is true or not, we should solve the solutio
numerically. We show the relation between the horizon
dius r h and the gravitational massM of the massive dilaton
08400
l

,
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n
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black hole by solid lines in Fig. 3. We choose the mass of
dilaton field asmd5e/10Qe , e/2Qe and e/Qe . We also
write the GM-GHS and the RN solutions by a dotted line a
by a dashed line, respectively. Since the event horizon of
RN solution is expressed as

r h5GM1A~GM!22Qe
2, ~28!

the solution becomes extreme forQe5GM wheredrh /dM
5`. For the GM-GHS solution, the extreme solution is r
alized in ther h→0 limit where drh /dM5`. drh /dM5`
in the extreme limit is a direct consequence of the first law
black hole thermodynamics. If we fix the electric charge,
can express it as

drh

dM
5

1

2pr hT
. ~29!

For the RN and the GM-GHS solutions,T approaches zero
~for finite r h) and r h approaches zero~for finite T), respec-
tively.

Contrary to the GM-GHS solution, our calculation show
that there is an extreme solution for the finite horizon rad
for the massive dilaton black hole even if the mass of
dilaton is very small. We infer that the horizon radius of t
extreme solution converges to zero in themd→0 limit. Re-
lated to this topic, we should mention the validity of o
numerical calculation. To guarantee the asymptotically fl
ness, we judge it from the behavior of the mass funct
m(r ). Because of the potential term in Eq.~7!, we need to
fine tune the value offh . This becomes difficult if the so-
lution approaches the extreme solution sincefh diverges as
in the GM-GHS solution. We stop the calculation if we fa
to estimate the asymptotic value ofm(r ) below a few per-
cent. For a reference, we exhibit examples of the asympt
values ofm(r ) for r h51.1AG with md5e/10Qe , e/2Qe ,
ande/Qe in Table I.

Existence of the extreme solution suggests the inner h
zon. As was shown in previous papers there is no inner
rizon for large black holes, while there appears an inner
2-5
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rizon for small black holes. Since we need fine tuning of
dilaton fieldf to satisfy the regularity at the inner horizo
curvature singularity appears there in general and is sp
like as in the GM-GHS solution. This kind of structure, i.e
where there is an inner horizon for small mass black ho
though there is not one for large mass black holes, is a
found in charged black holes with Born-Infeld–type nonli
ear electrodynamics@12#. It is also worth mentioning that the
inner horizon disappears in the Born-Infeld type black hole
we include the dilaton field@13#. Even if there is no inner
horizon, the solution does not approach the GM-GHS so
tion toward the singularity, though the contribution from t
potential term diminishes toward the singularity in the ba
equations. This apparent discrepancy can be solved usin
singularity analysis performed in Ref.@9#, i.e., the basic
equations withmd50 permit a local solution atr 50 of five
free parameters. The GM-GHS solution corresponds to
of the special solutions and the massive dilaton black h
approaches one of the other ones toward the singula
Though the possibility of having three horizons for a mass
dilaton black hole is pointed out in previous papers@9#, this
does not appear. This is because it needs fine tuning bot
the mass of the dilaton field~it should satisfymd

2Qe
25e2/4.!

and the value of the dilaton field at the horizon (fh should
be 21). Since the dilaton field tends to diverge at the ho
zon in the extreme limit, this condition is not satisfied.

The most striking feature caused by the dilaton poten
is seen in the relation between the gravitational massM and
the inverse Hawking temperature 1/T in Fig. 4 for the same
solutions as in Fig. 3. For the GM-GHS solution, the te
perature remains a finite nonzero value. This is because

TABLE I. Examples of the asymptotic values ofm(r ) for r h

51.1AG with md5e/10Qe , e/2Qe , ande/Qe .

md e/10Qe e/2Qe e/Qe

MAG 0.9117 0.9858 0.9941
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extreme limit coincides with the zero horizon limit, whic
can be easily seen if we express the temperature by the
satz~5! as

T5
e2dh

4pr h
~122mh8!. ~30!

For the conventional Reissner-Nordstro¨m black hole, since
dh[0 and r hÞ0, the temperature approaches zero in
extreme limit where 2mh851 is satisfied. In general, sincedh

takes a positive value,r h must approach zero in the extrem
limit for T to remain a finite nonzero value. As we mention
above, massive dilaton black holes become extreme at
nonzero horizon radius. Thus, the temperature approa
zero in the extreme limit as shown in Fig. 4. So if we co
sider the evaporation process of the black hole, the sm
amount of the dilaton mass prevents the black hole fr
evaporating completely. Unfortunately, since we do not ha
an analytic solution, we cannot prove it. But as we ment
in the following section, our results suggest that these pr
erties are fairly general for general potentials.

B. With V2Ämd
2S2

„SÀ1…2eSÀ1Õ4

Here we treat the potential of the rather unusual sh
considered in Ref.@10#. But this also approachesmd

2f2 near
the asymptotic vacuum as is expected theoretically. S
would be appropriate to investigate the difference and
similarity from V15md

2f2. We first show the field distribu-
tions of the black holes in Fig. 5@~a! r -f, ~b! r -d, ~c! r -m#.
We choosemd5e/2Qe and e/Qe for the horizon radiusr h

51.1AG. We show the solution withV2 , V1 and the ap-
proximate solutionf52Qe

2/md
2r 4 by solid lines, dashed

lines, and dotted lines, respectively. In Fig. 5~a!, we can find
that the deviation from thef52Qe

2/md
2r 4 near the event

horizon for the solution withV2 is larger than that withV1,
sinceV2 has a sharper shape thanV1 for the fixed dilaton
massmd , which works the role of the large dilaton mas
al
/

FIG. 4. The relation between the gravitation
massM and the inverse Hawking temperature 1T
for the same solutions as in Fig. 3.
2-6
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FIG. 5. Field distributions of a massive dila
ton black hole with potentialV2 @~a! r -f, ~b! r -d,
~c! r -m# with horizon radiusr h51.1AG and the
dilaton massmd5e/2Qe ande/Qe by solid lines.
For comparison, we also show a massive dilat
black hole withV1 and the approximate solution
f52Qe

2/md
2r 4 by dashed lines and dotted line

respectively.
ve

n

as
HS

ider
ct
near the horizon effectively, as we see in Fig. 6. Thus, e
if the potential approachesmd

2f2 for the vicinity of f50,
the shapes of the potential become important sincef takes a
nonzero value near the horizon. This can also be see
Figs. 5~b! and 5~c!. The lapse functiond for V2 has a smaller
value than that forV1, which implies that the solution forV2
approaches the RN solution compared with that forV1. The
08400
n

in

mass functionm also suggests it since the RN black hole h
larger gravitational mass compared with that of the GM-G
solution.

We are also interested in these affects when we cons
solutions of a different horizon radius. If we consider the fa
that the solutions approach the RN solutions for largemd
while they approach the GM-GHS solutions for smallmd ,
2-7
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FIG. 6. ~a! The horizon radiusr h and ~b! the
inverse temperature 1/T in terms of the gravita-
tional massM for md5e/2Qe and e/Qe . We
show the solutions withV2, those withV1, the
GM-GHS solution and the RN solution by soli
lines, by dotted lines, by a dashed line, and by
dot-dashed line, respectively.
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the answer is simple. The solutions withV2 approach the RN
solution compared with those withV1 for the same dilaton
massmd because of the sharpness of the potential. We sh
the relation between the gravitational massM and the hori-
zon radiusr h , and the inverse temperature in Figs. 6~a! and
6~b!, respectively. We show solutions withV2 for the dilaton
massmd5e/2Qe , e/Qe by solid lines and those withV1 for
the corresponding dilaton mass by dotted lines, respectiv
We also show the RN and the GM-GHS solutions by
dashed line and a dot-dashed line, respectively. In Fig.~a!
we find that if we compare the solution withV2 to that with
V1 for the same dilaton massmd , the deviation of both so-
lutions becomes large near the extreme solution since
dilaton affects the solutions in the region comparable to
Compton wavelength;1/md . This tendency is also reflecte
in Fig. 6~b!. One of the most important things is that, sin
the black hole becomes extreme at the finite horizon rad
the temperature inevitably approaches zero in the extr
limit. This does not depend on the potential we choose.
present, since we solved this only numerically, we do
have its proof for general potentials. But we expect it, ap
from those with ‘‘pathological’’ potential~e.g., that with
08400
w

ly.

he
s

s,
e
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rt

negative mass or a case that has no regularity near
asymptotic vacuum!.

V. CONCLUSION AND DISCUSSION

We have investigated the static spherically symmetric
lutions in the Einstein-Maxwell-dilaton system with dilato
potential. We considered the electrically charged solution
the dilaton couplingg51 with the potentialV15md

2f2 and
V25md

2S2(S21)2eS21/4 where Sªe22f, which is pro-
posed based on gluino condensation. As in previous pap
we have obtained the result that the inner horizon appears
small black holes while the solution has only one horizon
large black holes. The most striking feature we have obtai
numerically is that the extreme solution appears for the fin
horizon radius when the dilaton has the mass term. A
result, the temperature approaches zero for the extreme
while it approaches a finite nonzero value for the GM-GH
solution with the dilaton couplingg51. Thus, if we consider
the evaporation process of black holes, the small amoun
the dilaton mass may change the final fate of the black h
These properties are quite important, calling for further
vestigation.
2-8
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As future research we can consider the following pro
lems. ~i! Can we prove the above property for the gene
potentials? To consider it, it would be necessary to rest
the shapes of potentials, e.g., convex shape.~ii ! How about
the other dilaton coupling or the magnetically charged so
tion? These have a direct relation to the present system
particular, since the GM-GHS solution forg.1 has a di-
verging temperature for the zero horizon limit, the critic
dilaton mass parametermd,crit(g) may exist in which the
dilaton black hole approaches the finite nonzero tempera
in the extreme limit.

By the way, it may be important to extend the system
such as the Einstein-Yang-Mills-dilaton~EYMD! system
with the dilaton potential. Although the EYMD system h
been considered before@14–16#, that with the potential term
D

s

tt

08400
-
l

ct

-
In

l

re

o

has not. Since this system has many qualitative differen
from the Einstein-Maxwell-dilaton system, it is worth inve
tigating. For example, there is a particlelike solution in t
EYMD system while there is none in the Einstein-Maxwe
dilaton system. This feature may be changed by conside
the dilaton potential. This is now under investigation@17#.
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